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Abstract This paper describes a technique for applying the transition
probability geostatistics method for stochastic simulation to a MODFLOW
model. Transition probability geostatistics has several advantages over
traditional indicator kriging methods, including a simpler and more intuitive
framework for inteipreting geological relationships and the ability to simulate
juxtapositional tendencies such as fming-upwards sequences. The indicator
arrays generated by the transition probability simulation are converted to layer
elevation and thickness arrays for use with the new Hydrogeologic Unit Flow
(HUF) package in MODFLOW 2000. This makes it possible to preserve
complex heterogeneity while using reasonably sized grids.
Key w o r d s indicator kriging; M O D F L O W ; stochastic simulations; T - P R O G S ;
transition probability geostatistics

INTRODUCTION
Two approaches are commonly used to define multiple model runs for stochastic
simulations involving the MODFLOW model: parameter randomization and indicator
simulation. With the parameter randomization approach, the modeller first identifies a
set of target parameters that will be varied during the stochastic simulation. These
parameters generally correspond to polygonal zones of hydraulic conductivity or
recharge, but could include such things as conductance at rivers or the maximum
évapotranspiration rate. For each model run, the selected parameters are randomized to
produce a candidate set of parameters that is equally probable to other parameter sets
in the stochastic simulation. The combination of randomized parameters with multiple
model runs is often called a Monte Carlo approach.
Rather than randomizing parameters, the indicator stochastic simulation approach
randomizes the spatial distribution of the parameter zones. This is typically
accomplished by using indicator kriging to generate N candidate model grids where
each grid has an indicator value or material ID assigned to it. These candidate indicator
distributions are generally conditioned to borehole data, and each distribution
represents an equally probable interpolation of the hard data at the boreholes.
While both approaches are useful, the indicator simulation approach has certain
advantages over the parameter randomization approach. The parameter randomization
approach requires the modeller to delineate parameter zones, often resulting in gross
simplification of the complex heterogeneity inherent at most sites. The indicator
simulation approach treats the uncertainty associated with such heterogeneity as an
integral part of the stochastic simulation process. One potential drawback of the
indicator simulation approach is that it requires the modeller to assign a single value of
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hydraulic conductivity to each material—an obviously difficult task. However, if
sufficient observation data are available, the model can be run in a "stochastic inverse"
mode, where the properties associated with the indicators are parameterized and each
model instance is calibrated to head and flow observations.
In this paper we describe a method for performing indicator simulation-based
stochastic flow modelling with the MODFLOW model. We also describe a method for
combining the transition probability-based indicator simulation approach with the new
Hydrogeologic Unit Flow (HUF) Package in MODFLOW 2000. The combination of
the HUF package and transition probability geostatistics makes it possible to consider
detailed heterogeneity while maintaining relatively simple grids with reasonable
computational requirements.

TRANSITION PROBABILITY GEOSTATISTICS
The stochastic simulation approach described in this paper is based on the T-PROGS
software (Carle, 1997a). The T-PROGS software utilizes a transition probability-based
geostatistical approach to model spatial variability by three-dimensional (3-D) Markov
Chains (Carle & Fogg, 1997), set up indicator cokriging equations (Carle & Fogg,
1996), and formulate the objective function for simulated annealing (Carle, 1997b).
The transition probability approach has several advantages over traditional
indicator kriging methods. First, the transition probability approach considers
asymmetric juxtapositional tendencies, such as fming-upwards sequences. Second, the
transition probability approach has a conceptual framework for incorporating
geological interpretations into the development of cross-correlated spatial variability.
Furthermore, the transition probability approach does not exclusively rely on empirical
curve fitting to develop the indicator (cross-) variogram model. This is advantageous
because geological data are typically only adequate to develop a model of spatial
variability in the vertical direction.
The transition probability approach provides a conceptual framework to geological
insight into a simple and compact mathematical model, the Markov chain. This is
accomplished by linking fundamental observable attributes—mean lengths, material
proportions, anisotropy, and juxtapositioning—with Markov chain model parameters.
The first step in performing a transition probability analysis using the T-PROGS
software is to review the available borehole logs at a site and merge or simplify
hydrofacies categories (if necessary) to a reasonably small number, typically five or
less. The borehole data are then passed to a utility within T-PROGS called GAMEAS
that computes a set of transition probability curves as a function of lag distance for
each category for a given sampling interval. A sample set of measured transition
probability curves are shown by the dashed lines in Fig. 1. Each curve represents the
transition probability from material j to material k. The transition probability t/k(h) is
defined by:
tjiXh) = Pr(/ occurs at x + h \ k occurs at h)

(1)

where x is a spatial location, h is the lag (separation vector), and j,k denote categories.
Note that the curves on the diagonal represent auto-transition probabilities, and the
curves on the off-diagonal represent cross-transition probabilities.
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Fig. 1 Observed transition probabilities (circles) and Markov chain model (solid lines)
for a set of borehole data with four categories.

The next step in the analysis is to develop a Markov chain model for the vertical
direction that fits the observed vertical transition probability data. The Markov chain
curves are shown as solid lines in Fig. 1. Mathematically, a Markov chain model
applied to one-dimensional categorical data in a direction cj) assumes a matrix
exponential form:
T(h$)

=

E X P C R ^ )

(2)

where hp denotes a lag in the direction

and

denotes a transition rate matrix:

'i*.(|i

(3)

R,
' * 1.1(1

kk.§

with entries r^ representing the rate of change from category j to category k
(conditional to the presence ofj) per unit length in the direction ((). The transition rates
are adjusted to ensure a good fit between the Markov chain model and the observed
transition probability data.
Once the Markov chain is developed for the z direction from the borehole data, a
model of spatial variability must be developed for the x and y directions. Borehole data
are typically not sufficiently dense in these directions. However, the x and y-direction
Markov chains can be developed by assuming that the juxtapositional tendencies and
the proportions observed in the vertical direction also hold true in the horizontal
directions. The modeller then provides an estimate of the ratio of the mean lengths in
the x and y directions relative to the z direction, and the transition rate matrices for the
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x and y directions can be formulated. The x, y, and z Markov chains are converted into
a continuous 3-D Markov chain using the MCMOD utility within T-PROGS.
In the final phase of setting up a transition probability analysis using T-PROGS,
the modeller creates a grid, specifies the number of model instances (TV), and launches
the TSIM utility. The TSIM code uses the 3-D Markov chain to formulate both
indicator cokriging equations and an objective function for simulated annealing. It
generates stochastic simulations using a combination of modified versions of the
GSLIB codes SISIM and ANNEAL (Deutsch & Journel, 1992).
The output from the TSIM code is a set of N arrays of indicators, where each entry
in the arrays is the material ID for the corresponding MODFLOW grid cell. These
indicators can be used to define parameter zones in MODFLOW 2000. Each indicator
type becomes a parameter and the hydraulic properties (k , k ) for each of the cells are
inherited from the list of parameters. A sample MODFLOW grid generated via
transition probability geostatistics is shown in Fig. 2.
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Fig. 2 MODFLOW grid (513 by 305 m) with hydraulic property data populated by
T-PROGS.

HYDROGEOLOGIC UNIT FLOW PACKAGE
Using transition probability geostatistics with MODFLOW models results in two basic
limitations. First, the underlying stochastic algorithms used by the T-PROGS software
are formulated such that the MODFLOW grid must have uniform row, column, and
layer widths. The row width can be different from the column width, but each row
must have the same width. This results in a uniform orthogonal grid. While
MODFLOW grids are orthogonal in x and y, the layer thickness is allowed to vary on a
cell-by-cell basis. This makes it possible for the layer boundaries to accurately model
the ground surface and the tops and bottoms of aquifer units. If a purely orthogonal
grid is used, irregular internal and external layer boundaries must be simulated in a
stair-step fashion either by varying material properties or by activating/inactivating
cells via the IBOUND array. A second limitation is that, in order to get a high level of
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detail in the simulated heterogeneity, the grid cell dimensions are generally kept quite
small. This can result in difficulties in the vertical dimension. The large number of
layers with small layer thicknesses near the top of the model generally ensures that
many of the cells in this region will be at, or above, the computed water table elevation
(for simulations involving unconfmed aquifers). As a result, these cells will undergo
many of the numerical instabilities and increased computational effort issues
associated with cell wetting and drying.
The new Hydrogeologic Unit Flow (HUF) package (Anderman & Hill, 2000)
released with MODFLOW 2000 makes it possible to overcome both of these
limitations resulting in a powerful mechanism for incorporating transition probability
geostatistics in MODFLOW simulations. The HUF package is an alternative to the
Block-Centered Flow (BCF) and Layer Property Flow (LPF) packages. Each of these
packages is used to compute cell-to-cell conductances from the layer geometry and
aquifer properties. With the HUF package, the modeller is allowed to input the vertical
component of the stratigraphy in a grid-independent fashion. The stratigraphy data are
defined using a set of elevation and thickness arrays. The first array defines the top
elevation of the model. The remaining arrays define the thicknesses of a series of
hydrogeological units, starting at the top and progressing to the bottom of the model.
For each array of thicknesses, many of the entries in the array may be zero. This makes
it possible to simulate complex heterogeneity, including pinch-outs and embedded
lenses that would be difficult to simulate with the LPF and BCF packages.
We have developed a computer algorithm for integrating transition probability
geostatistics results with the HUF package. The basic approach used by the algorithm
is to overlay a dense background grid on the MODFLOW grid and run T-PROGS on
the background grid. A set of HUF arrays is then extracted from the background grid
for use with the MODFLOW model. The main steps of the algorithm are as follows:
1. Create the MODFLOW grid A MODFLOW grid is created with the desired
number of layers and the layer elevations are interpolated to match the aquifer
boundaries. The row and column widths are uniform but the layer thicknesses may
vary from cell to cell.
2.

Create a background grid A background grid is created that encompasses the
MODFLOW grid. The rows and columns of this grid match the MODFLOW grid
but the layer thicknesses are uniform and relatively thin, resulting in a much
greater number of layers than the MODFLOW grid.

3. Run T-PROGS A T-PROGS simulation is performed to get a set of indicator
arrays on the background grid.
4.

Convert the T-PROGS output Each of the indicator arrays in the T-PROGS
output is transferred from the background grid to a set of HUF elevation/thickness
arrays. The HUF top elevation array is set equal to the top of the MODFLOW grid.
The thickness arrays are then found by searching through the background grid to
find the bottom elevations of contiguous groups of indicators. The elevations from
these groups are then added to an appropriate elevation array in the HUF input.
The process of extracting the elevation arrays is the most difficult part of the
conversion process. A complete description of this algorithm is beyond the scope
of this paper. For details, the reader is referred to Walker (2002).
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The end result of this conversion process is N sets of HUF input arrays, each array
corresponding to one 3-D indicator array from the T-PROGS simulation. These sets
can then be used as input to a stochastic flow simulation. A cross section through a
MODFLOW grid showing HUF data generated by T-PROGS is shown in Fig. 3.

Fig. 3 HUF data generated by T-PROGS for a vertical cross-section (length = 513 m).
Solid lines represent MODFLOW grid boundaries (vertical scale exaggerated).

CONCLUSIONS

The techniques described in this paper make it possible to utilize transition probability
geostatistics for MODFLOW-based stochastic simulations. Utilizing the new HUF
package in this process results in model grids with a reasonable number of layers, yet it
preserves the complex heterogeneity produced by the transition probability method.
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